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The result

These notes contain the complete proof of the following result:

Theorem. A Boolean o-algebra B is a measure algebra if and only
if it is weakly distributive and uniformly concentrated.
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Boolean o-algebras

A Boolean algebra is an algebra B of subsets of a given nonempty
set S, with Boolean operations aU b, anb, —a=3S — a, and the
zero and unit elements 0 = () and 1 = S.

A Boolean o-algebra is a Boolean algebra B such that every
countable set A C B has a supremum sup A =\/ A (and an
infimum inf A = A\ A) in the partial ordering of B by inclusion.

Let B be a Boolean algebra and let BT = B —{0}. Aset AC B*
is an antichain if aN b = 0 whenever a and b are distinct elements
of A. A partition W (of 1) is a maximal antichain, i.e. an
antichain with \/ W = 1. B satisfies the countable chain condition
(cce) if it has no uncountable antichains.
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Measure algebras

A measure (a strictly positive o-additive probability measure) on a
Boolean o-algebra B is a real valued function m on B such that

(i) m(0) =0, m(a) >0 fora#0,and m(1) =1
(i) m(a) < m(b)ifacChb
(i) m(aUb) = m(a)+ m(b) if anb=0
(iv) m(\/72qan) = > o2, m(ap) if the a, are pairwise disjoint.
A measure algebra is a Boolean o-algebra that carries a measure.
A function m that satisfies (i), (ii) and (iii) above is called a

(strictly positive) finitely additive measure. And m satisfies (iv) if
and only if it is continuous:

(iv) if {an}n is a decreasing sequence in B with A7” a, = 0 then
lim, m(a,) = 0.

Every measure algebra is ccc because BT = |72 1{Cs}n where

C, = {a: m(a) > 1/n} and every antichain in C, has size < n.
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Convergence

If {an}n is a sequence in a Boolean o-algebra B, one defines

o oo o oo
limsupa, = /\ \/ ax and liminfa, = \/ /\ ak,
n n=1k=n " n=1k=n
and if limsup, a, = liminf, a, = a, then a is the /limit of the

sequence, denoted lim, a,.

A sequence {a,}, converges to 0 if and only if limsupa, =0 if
and only if there exist b, > a,, b, decreasing, with A\ b, =0. A
sequence {a,}, converges to 1 if and only if liminf a, = 1.
(Exercise: If lim a, = lim b, = 0 then lim(a, U b,) = 0).

If {an}n is an antichain then lim a, = 0.

In a measure algebra, if lima, = 0 then limm(a,) = 0. If
Y>> m(a,) < oo then lima, = 0.
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An algebraic characterization of measure algebras

A Boolean o-algebra B is weakly distributive if whenever {W,}, is
a sequence of countable maximal antichains then each W, has a
finite subset E, such that lim,|J E, = 1.

Equivalently, if for every k, {akn}n is an increasing sequence with
V,, akn = 1 then there exists a function f : N — N such that
[im ak’f(k) =1.

Or, if for every k, {akn}n is a decreasing sequence with A, ax, =0
then there exists a function f : N — N such that lim a, r(x) = 0.

A Boolean o-algebra B is uniformly weakly distributive if there
exists a sequence of functions {F,}, such that for each countable
maximal antichain W, F,(W) is a finite subset of W, and if
{W,}, is a sequence of countable maximal antichains then

lim, J Fa(W,) = 1.

If B is a measure algebra then B is uniformly weakly distributive:
For every n, if W is a countable maximal antichain, let
Fo(W) = E C W be such that m(JE) >1—1/2".



An algebraic characterization of measure algebras

A Boolean o-algebra B is concentrated if for every sequence {A,}
of finite antichains with |A,| > 2" there exist a, € A, such that
lima, =0.

B is uniformly concentrated if there exists a function F such that
for each finite antichain A, F(A) is an element of A, and if A, is a
sequence of finite antichains with |A,| > 2" then lim, F(A,) = 0.

A measure algebra is uniformly concentrated: if A is a finite
antichain, let F(A) be an element of A of least measure (then
m(F(A)) < 1/]A[)

Theorem. A Boolean og-algebra B is a measure algebra if and only
if it is weakly distributive and uniformly concentrated.
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Fragmentations

A fragmentation of B is a sequence of subsets
G C G C...C CyC ... such that |J, G, = BT and for every n, if
ac€ C,and a< bthen be C,.

A fragmentation is o-finite cc if for every n, every antichain
A C G, is finite.

A fragmentation is o-bounded cc if for every n there is a constant
K., such that every antichain A C C, has size < K,,.

A fragmentation is Gg if for every n, no sequence in C, converges
to 0.

A fragmentation is tight if whenever {a,}, is a sequence such that
an ¢ C, for every n, then lima, = 0.

A fragmentation is graded if for every n, whenever aU b € C, then
either a € Cyy1 0r be Cpya.
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Fragmentations

The name Gs comes from the fact that if B is weakly distributive
and the fragmentation is Gs then the set {0} is a Gs set in the
convergence topology.

A G; fragmentation is o-finite cc.

In a measure algebra, the fragmentation defined by
C, ={a: m(a) > 1/2"} has all the above properties.

Lemma. (a) If B is uniformly concentrated then B has a tight
o-bounded cc fragmentation.

(b) If B is weakly distributive and has a tight o-finite cc
fragmentation then B is uniformly weakly distributive.

Consequently, a weakly distributive, uniformly concentrated
o-algebra is uniformly weakly distributive.

Proof. (a) Let F be a function on finite antichains that witnesses
that B is uniformly concentrated. For every n let C, be the set of
all a # 0 such that there is no antichain A with |A| > 2" and

a < F(A).



Fragmentations

It is easy to see that C, is a fragmentation: If a ¢ |J,, G, then for
every n there exists an antichain A, with |A,| > 2" and
a < F(A,). Hence a <limF(A,) =0, and so a = 0.

The fragmentation is tight because if a, ¢ C, then a, < F(A,) for
some A, and so lima, = 0. It is o-bounded cc because if A C C,
is an antichain then F(A) € C, and so |A| < 2".

(b) Let B be weakly distributive and let {C,}, be a tight o-finite
cc fragmentation; we shall find the functions F, witnessing that B
is uniformly weakly distributive.

Let n € N, and let W be a countable maximal antichain. We claim
that there exists a finite set E C W such that for every finite

E'c W—E,|JE' ¢ C,: otherwise we find an infinite sequence
{Ex}« of pairwise disjoint nonempty subsets of W with |J Ex € C,,
an infinite antichain in C,. We let F,(W) be this E.
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Fragmentations

Now let W,,, n € N, be countable maximal antichains. We claim
that lim |J Fp(W,) = 1. Since B is weakly distributive, there exist
finite sets E,, C W, such that lim|J E, = 1. For each n let

ap = En — U Fn(W,). By the claim above, a, ¢ C,. Because
{Cpn}n is tight, we have lim a, = 0, and because

U Fr(W,) > U En N (—an), we have

lim{J Fp(W,) =limJ E, = lim—a, = 1.

Lemma. A Boolean o—algebra is uniformly weakly distributive if

and only if it has a tight G5 fragmentation.

Proof. First assume that B is uniformly weakly distributive and let
F,, be functions witnessing it. For each n we let C, be the set of
all a such that for some k < n an | Fx(W) # 0 for every
countable maximal antichain W.
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Fragmentations

To show that {C,}, is a fragmentation, we show that

U, Co = B™: if a¢ C, for all nthen for all k there is a W such
that aNJ Fx(Wk) = 0, and because lim(an | Fx(Wk) = a we
have a = 0.

To show that {C,}, is tight, let a, ¢ C, for each n. For each n
there is a W, such that a, N b, = 0 where b, = |J F,(W,). Since
lim b, =1, we have lim —b,, = 0, and because a, < —b,, it follows
that lima, = 0.

To show that {C,}, is Gs, let n € N and let lim ax = 0; it suffices
to find a k € N such that ax ¢ C,. We may assume that {ax}« is
strictly decreasing and let W be the maximal antichain

{ak—1 — ak}k where ag = 1. Let E = F{(W)U...UF,(W). There
exists a k large enough so that ax N|J E = 0. It follows that

ak ¢ Cn.
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Fragmentations

For the converse, let {C,}, be a tight Gs fragmentation. In view
of the preceding lemma it suffices to show that B is weakly
distributive. For every k, let {ak,}n be a decreasing sequence with
A, akn = 0. We shall find a function f : N — N such that

lim ay ¢(ky = 0. Given k € N, there is some f(k) such that

akf(k) & Ck, as {Cn}n is Gs. Because {Cp} is tight,

lim ay r(x) = 0 follows.

A tight Gs fragmentation is essentially unique: if C, and C, are
such, then for each n there is a k such that C, C C,’(. (If not, there
exists an n such that for all k there is some a, € C, — C} and so
limax =0).

(In the appendix we show that B is uniformly weakly distributive if
and only if B is a Maharam algebra.)

Lemma. If {C,}, is a G5 fragmentation of B and if B is
concentrated then {C,}, is c—bounded cc.
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Fragmentations

Proof. By contradiction, assume that for some n, there exist
arbitrarily large finite antichains in C,, and for each k, let Ak be an
antichain in C, of size > 2k. Since B is concentrated, there exist
ax € Ay with lima, = 0, a contradiction.

Lemma. If {C,}, is a tight G5 fragmentation then for every n
there exists a k > n such that for every ¢ € C,, if c = aU b then
either a € Cy or b € Cy.

Thus if B has a tight Gs fragmentation then B has one that is also
graded (i.e. aUb € C, implies that either a € C,41 or b € Cypy1.)

Proof. Otherwise, for every k > n there exist ¢, = a, U by € C,
such that ax ¢ Cx and by ¢ C. By tightness, limay =limb, =0
and so lim ¢, = 0, a contradiction.

In conclusion, we proved that a weakly distributive uniformly
concentrated Boolean o—algebra has a graded o —bounded cc
fragmentation.
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Kelley's Theorem

In this lecture we introduce Kelley's condition for the existence of
finitely additive measure on a Boolean algebra. But first we show
how the measure problem reduces to finitely additive measures.

Theorem (Pinsker, Kelley). A Boolean o-algebra B carries a
measure if an only if it is weakly distributive and carries a finitely
additive measure.

Proof. Let m be a finitely additive measure on B. We let
wu(b) = inf{limm(bN u,)}

where the infimum is taken over all increasing sequences {up},
with \/, u, = 1.

We show that p is a o-additive measure, and if B is weakly
distributive then p is strictly positive.
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Kelley's Theorem

First show that p(aUb) = u(a) + u(b) if anb=10. If s = {up}n,
let pus(x) = lim, m(x N uy). Clearly, ps(aU b) = ps(a) + us(b),
and so p(a) + pu(b) < us(aU b). Hence p(a) + p(b) < p(aU b).
For each £ > 0 there is a sequence s = s, = {u,}n such that
ps(a) < p(a) + €, and similarly sp = {vp}n. Let s = {up N vp}a.
Then p(aU b) < ps(aU b) = ps(a) + ps(b) < ps,(a) + ps,(b) <
p(a) + p(b) + 2¢, and the equality follows.

To show the continuity of p, let a, be a decreasing sequence with
A, an = 0; we show that lim ps(a,) = 0. Let € > 0.

Let M =lim m(a,), and let K be such that m(ax) — M < e. Let
s = {un}n where u, = —a,. As for all k,n> K, m(ax — an) < ¢,
we have, for every k > K,

us(ax) = lim, m(ax N u,) = lim, m(ax — an) < &, and hence
p(ag) <e.
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Kelley's Theorem

Finally, assume that B is weakly distributive, and let b € B be
such that p(b) = 0; we show that b= 0. As u(b) =0, there is for
each k an increasing sequence {ukp}n with \/, ux, = 1 such that
lim, m(b N uky) < 1/k.

By weak distributivity there is a function f such that

lim ug r() = 1. Hence /|, A\y>,, Uk, r(k) = 1. For each k let

ak = b uy rk). We have \/ A~ ,ak = b. But because

m(ax) < 1/k, it follows that A~ ,ax =0, and so

b=V, /\an ax =0.
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The intersection number

In order to state and prove Kelley's Theorem, we now work with
Boolean set algebras, and use the term “finitely additive” for
measures that are not necessarily strictly positive - when we need
the condition m(a) > 0 if a # 0 we call m strictly positive.

Let B be a Boolean set algebra, B C P(S) for some set S.

Let C be a subset of BT. For every finite sequence s = (cy, ...c,)
in C, let ks = k/n where k is the largest size of a subset

J C {1,...,n} such that ;. , ¢; is nonempty. The intersection
number of C is the infimum k = inf k5 over all finite sequences s
in C.

(The sequences s do not have to be nonrepeating.)

Note that for any ng, the infimum inf x5 taken over all sequences s
of length n > ng is still k: if s is a sequence of length n < ng, let t
be such that t - n > ng, and let s* be a sequence we get when
repeating each term of s t-times. Then ks = Ks.
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The intersection number

To better understand the significance of the intersection number,
assume that m is a finitely additive measure on B, and let

C C B*. Let M be such that m(c) > M for all c € C. We show
that the intersection number x of C is at least M.

Let s = {(c1,...ch) be a sequence in C. For each i < n, let K; be
the characteristic function of ¢;, i.e. Ki(x) =1if x € ¢; and =0 if
x & ci. Let g =" ; K and consider /s = [ g dm, the area below
the graph of g. Since [ K; = m(c;), we have

lIs =Y. m(c;) > M- n and so (because m(S) =1)

llg|| = maxyes g(x) > Is > M- n.

Thus there exists some x € S such that ), Ki(x) > M - n; in other
words, x belongs to at least M - n members of the sequence.
Hence ks > M - n/n = M and consequently k > M.
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Kelley's Theorem

Theorem (Kelley). Let C C B have a positive intersection
number k. Then there exists a finitely additive measure m on B
such that m(c) > & for all c € C.

Corollary. If a Boolean algebra B has a fragmentation {C,} such
that each C, has a positive intersection number, then B carries a
strictly positive finitely additive measure.

Proof of Corollary. For each n let m, be positive on C,. If we let
m(a) = >, ma(a)/2", mis a strictly positive, finitely additive
measure on B.

To prove Kelley's Theorem and construct a finitely additive
measure on B we shall consider the vector space of all bounded
functions on S (including all characteristic functions K, for all
a € B) and find a linear functional F such that F(1) =1,
F(K,;) >0, and F(K:) > & for all ¢ € C. Then we let

m(a) = F(K,) for all a € B.
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Kelley's Theorem

To find the linear functional we use the Hahn-Banach Theorem:

Let p be a function such that p(x) > 0 for all x,

p(x+y) < p(x) + p(y), p(ax) = ap(x) for all « >0, and
p(1) > 1.

Then there exists a linear functional F such that F(1) =1 and
F(x) < p(x) for all x.

Proof of Kelley’s Theorem. Let C C BT C P(S) and let x be
the intersection number of C. Let V be the vector space of all
bounded functions on S with the supremum norm

[|f]| = sup{|f(x)| : x € S}. We shall find a linear functional F on
V such that 0 < F(K,) <1 forallae B, F(1)=1 and

F(Kc:) > k for all c € C.

Consider the convex hull of the set {K.: c € C}:

i=m
GZ{Z(X,’KC,.ZC;EC,OSO&,’SI,ZOJ,’ZI}
i=1
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Kelley's Theorem

Lemma. For every g € G, ||g|| > k.

Proof.

First consider rational coefficients «;: for each i < m, a; = I;/n
with Y. i = n, and g(x) = f(x)/n where f =7 I; - K.
Consider the sequence s in C of length n where each ¢; is repeated
I; times. By definition of k there are k terms of s with nonempty
intersection such that k/n > k. Let x be a point in the
intersection; it follows that f(x) > k. Hence g(x)) > k/n > k.
For arbitrary «; let € > 0. There are rational approximations 3; of
the «; such that k < || BiKe || < || Y0 aiKs|| + €. Hence

lgll = 5 — <, and 5o [lg]| > x.
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Kelley's Theorem

Let Q={a(g—Kk)+f:g€G, a>0,f>0}.

The set Q contains all Kp, b € B, (because Kp, > 0) and is convex:
if fand g arein Q and a+ =1 («, B > 0) then of + g € Q.
Clearly, it suffices to verify this for f and g in G and that is easy.
Let 0 =1 — &, and let U be the open ball {h: ||h|| < ¢} of radius
6. Using the vector space convention

A—B={a—b:ac A, bec B}, consider the set
U-Q={h—alg—r)—F:||h|<d ge G a>0,f>0}.
The set U — Q is convex, and because 0 € @, we have

U cC U—- Q, and so for every v € V there exists a positive number
a such that av € U C U — Q. Now define

p(v) =inf{y>0:2ecU-Q}

Ify=a+Band £,% € U~ Q then XX = &(X) +
by convexity, and so p(x + y) < p(x) + p(y).
Clearly, p(av) = ap(v) for all & > 0.

2@

(5)eU-Q
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Kelley's Theorem

Finally, let v < 1; we show that 1/v ¢ U — Q, hence p(1) > 1. If
1/yeU—-Qthenl/y=h—f (and h="f+1/v) where he U
and f € Q. Since f € Q, there exists, by the Lemma, some x € §
such that f(x) >0, and so f(x)+1/y > 1/y > 1. But

h(x) <6 < 1.

Now we apply the Hahn-Banach Theorem to this function p. Note
that for all f € Q, —f € U — Q and hence p(—f) < 1.

There exists a linear functional F such that F(1) =1 and

F(x) < p(x)forall xe V. If f € Q, then F(—f) < p(—f) <1
and so F(f) > —1. As this is true for all f € Q and Q is closed
under multiples by all & > 0, it must be the case that F(f) > 0 for
all f € Q. In particular, F(Kp) > 0 for all b € B.

Also, if g € G, then g — k € Q and hence F(g — k) >0, i.e.

F(g) > k. Consequently, F(K:) >  for all c € C.

When we let m(b) = F(K}) for all b € B, m is a finitely additive
measure on B with m(c) > & for all c € C.
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The Kalton-Roberts Proof

We complete the proof by showing that Kelley's condition applies:

Theorem. Let B be a Boolean algebra that has a graded
o-bounded cc fragmentation {C,}. Then for every n, C, has a
positive intersection number.

To prove the theorem, we adapt the Kalton-Roberts proof, an
ingenious combinatorial argument that converts finite bounds for
the size of antichains into positive intersection numbers.

Lemma. Let M and P be finite sets with |M| = m and

|P| = p < m, and let k, 3 < k < p be an integer such that

p/k > 15-m/p. Then there exists an indexed family {A; : i € M}
such that each A; is a three point subset of P and such that for
every | C M with |/| < k,

[JAil > 1.

i€l
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The Kalton-Roberts Proof

It follows that for every | C M with |/| < k there exists a
one-to-one choice function f; on {A;: i € [}.

The last statement of the lemma follows by Hall’'s “Marriage
Theorem”:

A family {Aq, ..., Ap} of finite sets has a set of distinct
representatives if and only if | J;c, Ai| > |/| for every | C {1,..., n}.

(For a proof of Hall's Theorem, see Appendix.)
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The Kalton-Roberts Proof

The proof of the lemma uses a counting argument:

Proof. Consider the families {A; : i € M} of three point subsets of
P. Let us call such a family bad if ||J;c; Ail < |I| for some | C M,
|| < k. If a family is bad then for some n, 3 < n < k, there exist
sets | C M and J C P, |I| = |J| = n such that A; C J for every
i€l

There are (’3’) three-point subsets of P and (g) three-point subsets
of J. Of the (5)" families {A;};c; with domain /, (3)" are such
that (J;c; Ai C J. The ratio of such families (for 3 < n < p) is
((3)/ )" < (n3/p%)" = 17/ 3" because (3)/(5) < n*/p*
Because there are (':) subsets | C M of size n and (’r’,) subsets

J C P of size n, the probability that a family {A;};cum is bad is at

most .
n= 3n
m\ /p\ n
Mn= E )
e <n> <n> p3"

Thomas Jech Measure Algebras




The Kalton-Roberts Proof

We have (™) - (P) - n"/p®" < m"/n! - p"/nl- n®"/p3". Using

n
e* > x"/n! we get e"n! > n", hence 1/n! < e"/n", and so

n n3n e2nnnmn _ (62 . )n.

n! nl ’ p3n p2n

TS
T |3

For n < k we have e?-n/p-m/p<e?-k/p-m/p < e?/15 < 1/2
because we assumed p/k > 15m/p and because 2e? < 15.

Therefore
n=k 1 n
M — )
<> <2> <1
n=3

Consequently, there exists a family {A; : i € M} that is not bad,
and so |/ | > |I] for every | C M of size < k.
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The Kalton-Roberts Proof

We shall now apply the Kalton-Roberts method:

Proof of Theorem. Let {C,} be a graded o-bounded cc
fragmentation of a Boolean algebra B, and let us fix an integer n.
We prove that the intersection number of each C, is positive,
namely > 1/(30K?2) where K = K,;5 is the maximal size of an
antichain in Cyyo.

We show that for every m > 100K?, and every sequence
{c1,...,cm} in C, there exists some J C m of size > m/(30K?)
such that (;c, ¢ is nonempty.

Let M = {1,..., m} with m > 100K? and let cy, ..., cm € C,. For
each | C M, let

b/:ﬂ{c;:iel}ﬂﬂ{—c,-:igél}.

The sets by are pairwise disjoint (some may be empty) and
U{bs : I € M} = 1. Note that for each i € M, | J{b, : i € I} = ¢;.
We shall find a sufficiently large set J C M with nonempty b;.
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The Kalton-Roberts Proof

We shall apply the Lemma. First let kK > 3 be the largest k such
that k/m < 1/(30K?) (there is such because 3/m < 3/(100K?).
We have k < m and (k +1)/m >1/(30K?). Then let p be the
largest p > k such that p/m < 1/K (there is such because
k/m<1/K.)

We verify the assumption of the lemma, p/k > 15m/p (using
p/(p+1) = 3/4)

p p p+1 m_3 1 5
P__P PT2 M3 2 30k2>920K
k p+1 m K2 g 0K =20
and 1
15" <15. P M 15 %k — ok,
p p+1

Thomas Jech Measure Algebras



The Kalton-Roberts Proof

Now we apply the Lemma: Let P = {1,..., p}. There exist three
point sets A; C P, i € M, and one-to-one functions f; on all
I C M of size < k with fi(i) € A; for all i € I.

We shall prove that there exists a J C M of size > k + 1 (and
hence > m/(30K?)) such that b, is nonempty. By contradiction,
assume that there is no such J. Then

| J{br: /| < k} =1 and for each i € M, ¢; = J{b; : |I| < k and i € I}.
For each i€ M and j € P let
aj = J{bs: 11| < k, i €land fi(i) = j}.

Note that for each i € M, ¢; = a;j, U a; j, U aj j, where
Ai = {j1,)2, 13}
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The Kalton-Roberts Proof

Let j € P. We claim that the ajj, i € M, are pairwise disjoint: If
aj, j N aj,j is nonempty, then because the b; are pairwise disjoint
there is some [ such that /1 € | and i» € I, and because

fi(ih) = j = fi(i2) and f; is one-to-one, we have i; = i. Hence the
ajj, i € M, are pairwise disjoint, and so only at most K of them
belong to Cp 2.

Consequently, at most p - K of the a;; belong to C,,> and because
pK < m, there exists an i such that aj; ¢ C,, for all (three)
JjEA.

But then ¢; = ajj; Uajj, Uajj, ¢ C, because the fragmentation is
graded. This contradicts the assumption that ¢; € C,.
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